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On the Effect of Asphericity of the Atomic Scattering Factor on the Temperature Factor
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The Institute of Physical and Chemical Research, Rikagaku Kenkyusho, Yamatomachi, Saitama, Japan

(Received 20 May 1968)

Fundamental formulae for the crystal structure factor were derived assuming aspherical atomic scat-
tering factors. The results were applied to the refinement of several molecular complexes of the quin-
hydrone type. Although the R value and the atomic coordinates did not change appreciably, the aniso-
tropic temperature factors were considerably affected. A comparison between the observed and calcul-
ated mean square displacements of the oxygen atoms indicates that the structure analysis is improved
by the use of adequate aspherical atomic scattering factors.

1. Introduction

With recent improvements in the measurement of in-
tensities and the development of the electronic com-
puter, considerable attention has been paid to obtain-
ing accurate temperature factors and electron distribu-
tions (Dawson, 1964a; Rae & Maslen, 1965; O’Con-
nell, Rae & Maslen, 1966; Coppens & Coulson, 1967).
For these purposes the conventional approximation to
an atom of spherical symmetry is not sufficient.

The scattering factors of aspherical atoms were first
introduced by McWeeny (1951), and applied to various
states of bonded atoms (McWeeny, 1952; 1953; 1954;
Dawson, 1961; 1964b). A more general formulation
was derived by Freeman (1959). The effect of aspheri-
city of the atomic scattering factors on coordinates and
thermal parameters was discussed by Dawson (1964a)
in a hypothetical model, and least-squares methods
using aspherical atomic scattering factors were devel-
oped by Hirshfeld & Rabinovich (1967) and Sakurai &
Ito (1968). However, the asphericity of the charge den-
sity around an atom can be represented to some extent,
by a formal anisotropic thermal motion of the spherical
atom. Therefore, the final residuals of the least-squares
calculations with both spherical and aspherical atomic
scattering factors are equally good, and it is generally
quite difficult to distinguish between the effect of
asphericity of the atomic scattering factor, and that of
the anisotropic temperature factor.

If, however, the crystal consists of rigid molecules,
individual atomic temperature factors should be ex-
pressed by the rigid body vibration of the molecule
as a whole (Cruickshank, 1956; Burns, Ferrier &
McMullan, 1967). In this case, the validity of the result
can be judged by the internal consistency of the tem-
perature factors of separate atoms. During the course
of the investigations in our laboratory, of the quin-
hydrone type molecular complexes (Sakurai, 1965;
Ito, Minobe & Sakurai, 1966; Sakurai, 1968) syste-
matic inconsistencies were found in the temperature
factors at the final stage of the ordinary structure anal-
ysis. In this paper, it is shown that the temperature
factors are improved by the use of the aspherical atomic
scattering factor.

A C25B-2*

2. Fundamental relations

The scattering factor of a single p orbital electron is
expressed by (McWeeny, 1951)

S(p)=f(p);; cos® u+f(p). sin* p, M

where p is the angle between the axis of the p orbital
and the scattering vector k, and f},(p) and f,(p) are
scattering factors for the orbits parallel and perpen-
dicular to %, respectively. The scattering factor of an
atom with an incomplete p shell is also given by:

f=f,, cos2 u+f sin2u, 2)

where f,, and f, are appropriate sums of the orbital
scattering factors. If a unit vector # along the unique
p orbital is defined by

u=ua+vb+we,
then

k-u hu|

S A= e = Tsingi’ )

where the scattering vector k=ha* +kb* +lc*, h is the

u
row matrix (4,k,/) and uf is the column matrix ( ) .
w
Since the direction of # changes by the symmetry oper-
ation, f changes too. Now, if a symmetry operation §
is defined by the relation

xs|=8x|=Rx|+1| 6]

where R is the rotational and ¢ is the translational part
of the symmetry operation, and x| is the column matrix
which expresses the coordinates, then u varies with R as

us| =Ru| . (5
Then, the crystal structure factor is
F= X X fi5 exp (—hBjsh|) exp (2mihxys))
J s
_ hRsu| \2 hRsuy| |2
=22 [ (3hagn) 1 (saan) |

x exp (2nihRyxy|) exp (2nihts]) exp (—hRsBiRsh]) , (6)
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where the matrix Bjs is introduced to express the aniso-

tropic temperature factor, R; is the transposed matrix
of R, and the summations X X are for all atoms in the

Jj s
asymmetric unit and all symmetry operations respec-
tively. For the purpose of the calculations, it is a well
known technique (Busing, Martin & Levy, 1962) to
define a transformed index
ﬁs=éR ’ (7)
and to express the structure factor in the form

_ . hswyl |2 (sl N\
F=2X [f’” (2sine/,1) +f“{1 (2 sin 9/,1) }]
®
x exp (2mihsxs]) exp (—hsBshs|) exp (2ni£’tsl) .

If the charge distribution around an atom is non-
centrosymmetric the scattering factor is given by an
expression (Dawson, 1964b):

JS=f,; cos? u+f, sin? p+ifq cos u . ®
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In this case, the crystal structure factor is

_ hsuj I 2 — hsuj I ?
2o - )

, hsujl ,
+ l_fa m] exp (anhsle)

x exp (— hsBjhs|) exp (2mihts). (10

Since the structure factors in these expressions are
explicitly written in terms of independent variables,
these expressions can be used as the basis for the least-
squares refinement. In principle, two components of
u| can be changed as the parameters of the least-squares.
However, in the present paper, they are fixed to the
values deduced from the geometry of the molecule,
because large correlations were expected between ther-
mal parameters and components of u}.

3. Application

Crystal structure analyses of a series of quinhydrone
type molecular complexes (complexes of p-benzoquin-

Table 1. Observed and calculated mean square amplitudes of the atoms based
on spherical atomic scattering factors (10-3 A2 units)

The atoms are numbered according to the scheme shown in Fig. 1.

Un
obs calc difference

Hydroquinone in QH-8

(o) 6 13 -7

CcQ) 11 13 -2

C(2) 19 15 4

C@) 18 15 3
Quinone in QH-8

o 8 14 —6

c) 18 14 4

C(2) 19 17 2

C@) 16 17 -1
Hydroquinone in QH-«

o 13 17 —4

Cc(1) 14 17 -3

C(2) 24 20 4

Cc@3) 24 20 4
Quinone in QH-«

o 13 18 -5

cQ) 18 18 0

C(2) 22 21 1

C@3) 24 21 3
Quinone in PQ

(0] 14 19 -5

c() 19 19 0

C(2) 27 24 3

C@3) 26 24 2
Quinone in QR

(o) 12 15 -3

c) 15 15 0

Cc(2 21 20 1

C() 23 20 3

Uz Uss
obs calc difference obs
38 40 -2 61
35 32 3 30
31 30 1 36
28 30 -2 34
41 42 -1 55
35 33 2 31
31 30 1 38
30 31 -1 36
31 33 -2 47
24 22 2 23
19 19 0 28
18 19 -1 31
32 33 -1 46
23 22 1 23
19 19 0 30
19 19 0 32
44 46 -2 47
34 32 2 28
26 28 -2 39
28 28 0 32
38 38 0 44
24 23 1 24
17 - 18 -1 32
18 18 0 30
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one) and hydroxybenzene) have been carried out in our
laboratory: triclinic quinhydrone (QH-f) (Sakurai,
1965) ; monoclinic quinhydrone (QH-«); pehnoquinone
(PQ) (Sakurai, 1968); quinone-resorcinol (QR) (Ito,
Minobe & Sakurai, 1966). Diffraction intensities, ob-
tained by an integrating Weissenberg camera and
measured by a microphotometer, were used to deter-
mine the structure. Refinements of the structures were
performed by a full-matrix least-squares method using
ordinary spherical atomic scattering factors. The final
R values are around 10%, and these results were quite
satisfactory from the usual point of view.

If the rigid body vibration of the molecule is as-
sumed, tensors of molecular vibration can be calcu-
lated by the relation (Cruickshank, 1956)

01| = ITI| +(Ix NI x P, (11

where U is the tensor expressing the mean-square am-
plitudes of individual atoms, and T and  are the
tensors expressing the translational and librational
part of the molecular motion. The most probable
values of T and © were obtained from the observed
U’s through a least-squares analysis, and the validity

c(3)

o d C(2)
Fig.1. Axes of the rigid body vibration.

(b)

Fig.2. Assumed lone pair directions. (a) quinone molecule;
(b) hydroquinone molecule.
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of the assumption of the rigid body vibration can be
judged from the comparison of the observed U with
those calculated from T and Q.

Values of U for various complexes are summarized
in Table 1. Only the centrosymmetric molecules are
considered in this Table, because the center of vibra-
tion for the non-centrosymmetric molecule is not
uniquely determined. The axes of the molecular vibra-
tion are shown in Fig.1. Since the shapes of the mol-
ecules are quite simple, the U;; components can be
exactly fitted by T and €; therefore, only the observed
values are listed in the Table. Compared with the diag-
onal components, the off-diagonal ones were found
to be generally small, being of the order of the esti-
mated standard deviations, and they were omitted
from the Table.

Agreement between the observed and calculated U
are generally good. However, U;; components of the
oxygen atoms, that is, the mean square displacements
of the atoms along the C-O direction are systematically
smaller than the calculated values. If the stretching vi-
bration along the C-O direction is appreciable, the
mean square displacement due to the internal vibration
should be additive with that of the rigid body vibra-
tion. Since the observed displacement is smaller than
the calculated one, the difference cannot be attributed
to the internal vibration. Although there are several
possibilities of experimental error, such as absorption
or spectral splitting, which may affect the absolute
values of the temperature factors, none of these is
enough to explain the systematic discrepancies found
only in the oxygen atoms in a particular direction. The
most probable reason was considered to be an in-
adequate form of the atomic scattering factor. There-
fore, these structures were refined by least-squares
method based on equation (8).

It was stated by McWeeny (1951) and Dawson
(1964b), that for the quadrivalent carbon, the total
scattering factor is independent of the state of hybrid-
ization, and is spherically symmetric, unless the higher
order effect of interatomic bonding is considered. Then,
only the asphericity of the oxygen atom was considered.
In a simplified model, the oxygen atom has four elec-
trons in the three 2p orbitals; two p orbitals with one
electron in each are used to form chemical bonds, and
the third orbital with the other two electrons forms a
lone pair orbital. Therefore, the atomic form factor is

Su=r)+2£,(p)+2f.(p)
Si=f©&)+ f,p)+3f.(p), (12)

where the unique axis is along the lone pair orbital.
For present calculations, the direction of the lone pair
was assumed to be along axis 2 for the carbonyl oxy-
gens, and along axis 3 for the hydroxyl oxygens re-
spectively (Fig.2). Numerical values of f;; and f, used
for these calculations are those given by Freeman
(1959). A few strong low order reflexions, which are
appreciably affected by extinction, were eliminated.
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4. Results and discussion
(@) R and R1 indices

The least-squares refinement was performed to min-
imize the factor

Rl= X w(|F,|—|Fel)? (13)

where w is the weight of the observation. Here, unit
weights were given to all the observations used. The
final R and R1 indices for both spherical and aspherical
cases are compared in Table 2. It is well known that
at the final stage of refinement, small variation of the
R value have no significance. R1 values show a slight
reduction in this case.

Table 2. Comparison of the R and R1 factors after the
Jinal cycle of the full-matrix least squares

‘R (%) R1 (relative values)

Crystal Spherical asphericar spherical aspherical
QH-p 9-8 9:4 1-00 0-93
QH-« 9-3 9:5 1-00 0-94
PQ 10.3 10-5 1-00 0-88
QR 109 10-9 1-00 1-00

(b) Changes in coordinates and bond distances

A few examples of the change in coordinates are
shown in Table 3. These variations are smaller than
the standard deviations, and have no systematic ten-
dency. Therefore, the change in coordinates and cor-
responding bond distances is not significant.

Table 3. Effect of asphericity on the atomic
coordinates of the quinone in QR (x 10%)

The values are corrected for the effect of the rigid body

librations.
Spherical Aspherical Change e.s.d.

(0] x/a 0705 0705 0 3
y/b —3501 —3500 1 7

z[c 1111 1111 0 4

C) x/a 0391 0391 0 4
yIb —1875 —1876 -1 10

- zle 0585 0586 1 5

C22) x/a —0088 —0088 0 4
y[b —0087 —0087 0 12

z[c 1242 1241 -1 5

C(3) x/a —0467 —0467 0 4
y/b 1675 1673 -2 10

z/c 0680 0680 0 5

(¢) Change of thermal parameters

The anisotropic temperature factor used is of the
form

exp [— (h2By; + k2Byy + 12By3 + 2k1Bys + 211 B s + 2hk By,)]

The changes of some B values of the oxygen atoms
exceeded three times their standard deviations, and
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those of the carbon atoms were found to be insigni-
ficant. Typical examples are shown in Table 4. Some
of the ellipsoids of thermal vibration for both cases
are compared in Fig.3. As is clearly seen on these
Figures, the displacements of the oxygen atoms have
remarkably decreased in the lone pair direction (along
axis 2 in the quinone, axis 3 in the hydroquinone), and
increased in the other directions. The tensors of the
rigid body vibration calculated from these temperature
factors are shown in Table 5, together with the results
for the spherical case. The small off-diagonal compo-
nents are omitted from the Table. Among the diagonal
components, £2;3 of the quinones changed significantly.

Table 4. Effect of asphericity on the thermal
parameters of the quinone in QH —« (x 10%)

Spherical Aspherical Change e.s.d.
(0] By 148 158 10 8
By 123 133 10 11
B3 48 36 —12 4
Biz —68 —62 6 8
B3 22 15 -7 4
B -20 -9 11 5
C() B 84 81 -3 8
Bj, 112 109 -3 14
Bis 36 34 -2 4
Bi, -12 -12 0 10
By 18 17 -1 5
B2 -7 -6 1 7
C(2) By, 97 94 -3 9
By 141 136 -5 15
Bi; 30 29 -1 4
Bj, —~15 —16 -1 10
B3 13 12 -1 5
Bj; 2 3 1 7
C(3) By 94 92 -2 9
By 148 144 —4 17
Bi; 35 33 -2 4
B2 —15 —-17 -2 11
B3 14 13 -1 5
Bjs 14 14 0 7

The observed and calculated mean square ampli-
tudes of the atoms are summarized in Table 6. Com-
pared with the value in Table 1, the agreement between
Uobs and Ucale has generally been improved and,
especially, the systematic discrepancies of U, of the
oxygen atoms have been reduced to the order of the
average deviations.

(d) Difference-Fourier synthesis

Although the effect of asphericity on the temperature
factor was significantly large, the effect on the crystal
structure factor, F., was very small, the difference being
less than one per cent. In fact, only a few very weak
reflexions among a set of about one thousand had dif-
ferent signs, and almost identical electron density maps
were obtained for both cases. Also, the general features
of the difference electron density maps were the same
for both cases. An example is shown in Fig.4, where
the residual peaks around the oxygen atom are slightly
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Table 5. Translational and librational tensors of the rigid body vibration [T in 10-3 A2 and Q in (degrees)?]

The figures in parentheses are the standard deviations.

Ty Tx T3 Qu Q3 033

Hydroquinone in QH-8

spherical 13 (2) 29 (2) 20 (4) 28 (11) 18 (3) 47 (1-7)

aspherical 13 (1) 28 (1) 20 (3) 28 (7) 16 (2) 57 Q-1
Quinone in QH-p

spherical 14 (1) 30 (2) 21 4 29 (8) 16 (2) 56 (1-5)

aspherical 16 (1) 30 (1) 20 (3) 32 (6) 18 (2) 2:4 (1-0)
Qydroquinone in QH-«

spherical 17 (1) 18 (2) 15 (3) 29 (8) 14 (2) 64 (1:3)

aspherical 18 (1) 17 (1) 17 (2) 24 (6) 10 (1) 7-8 (0-9)
Quinone in QH-«

spherical 18 (1) 18 (1) 14 (3) 32 (6) 15 (2) 7-2(1-1)

aspherical 19 (1) 18 (1) 11 (3) 36 (5) 18 (2) 3-6 (1-0)
Quinone in PQ

spherical 19 (1) 26 (2) 20 (4) 28 (8) 12 (2) 89 (1-4)

aspherical 20 (1) 27 (1) 19 (3) 28 (7) 14 (2) 4-8 (1:2)
Quinone in QR

spherical 15 (1) 16 (1) 16 (3) 27 (7) 13 (2) 10-2 (1-2)

aspherical 17 (1) 17 (1) 15(3) 30 (6) 16 (2) 61 (1-1)

Table 6. Observed and calculated mean squares amplitudes of the atoms based
on aspherical atomic scattering factors (10-3 A2 units)

Un Uz Uss
obs calc difference obs calc difference obs
Hydroquinone in QH-4
o 10 13 -3 40 42 -2 57
C(1) 11 13 -2 35 32 3 29
C(2) 18 16 2 30 29 1 36
C@3) 18 15 3 28 29 -1 34
Quinone in QH-
(o] 13 16 -3 34 35 -1 59
Cc) 17 16 1 33 31 2 31
C(2) 18 17 1 30 30 0 38
C(3) 18 17 1 29 30 -1 37
Qydroquinone in QH-«
(o] 17 18 -1 34 35 -1 39
C(1) 14 18 -4 23 22 1 22
C(2) 23 21 2 19 18 1 27
C@3) 23 21 2 17 18 -1 31
Quinone in QH-«
(o] 17 19 -2 24 26 -2 50
C(1) 18 19 -1 22 20 2 23
C(2) 21 20 1 18 18 0 30
C@3) 23 20 3 18 18 0 32
Quinone in PQ
0 17 20 -3 36 37 -1 49
C() 18 20 -2 32 30 2 28
C(2) 26 23 3 26 28 -2 38
C@3) 24 23 1 29 28 1 31
Quinone in QR
o 15 17 -2 29 30 -1 48
C(1) 16 17 -1 23 21 2 24
C(2) 21 20 1 17 18 -1 32
C(3) 23 20 3 19 18 1 30
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smaller for the aspherical case, but the difference is ical) and f,/f(spherical), can be well fitted by a Gaus-

less than the depth of the negative peaks. sian form, exp [—(const.)s?], in the Cu K« range of s.
Thus, the difference in the atomic scattering factor

of oxygen was almost completely compensated by the (¢) Comparison with other work
apparent temperature factor of the same atom. This Two sets of structure data from other authors on
is to be expected, because both of the ratios, f;,/f(spher- ~ crystals of component molecules were examined with

(@)

Fig.3. Thermal ellipsoids of the spherical and the aspherical atoms. () and (b); the quinone in QR projected on the molecular

plane: (a) spherical, (b) aspherical. (c) and (d); the hydroquinone in QH-« projected along the ¢ axis: (c) spherical; (d) aspher-
ical.
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respect to the asphericity of the oxygen atoms: quinone
(Trotter, 1960) and y-hydroquinone (Maartmann-Moe,
1966).

For the present purpose, the structure of quinone
was again refined by a full-matrix least-squares pro-
cedure based on the F, values listed in the reference.
Spherical atomic scattering factors were used, and the
final R value was reduced to 11:2% from the original
12:4%. Maartmann-Moe analysed and refined the
crystal structure of y-hydroquinone by a full-matrix
least squares with the final R value of 8-5%. The asym-
metric unit of the cell contains two independent hydro-
quinone molecules.
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The thermal parameters of the three molecules were
analyzed by the same procedure as described in § 3.
The results are given in Table 7. As is evident from
the Table, the observed values of U;; of the oxy-
gen atoms in these molecules are systematically smaller
than the calculated ones, in agreement with our
results in Table 1.

In structural studies of cytosine (Barker & Marsh,
1964) and anthraquinone (Lonsdale, Walley & El
Sayed, 1966), the existence of the large out-of-plane,
non-rigid body vibrations of the ketonic oxygen was
reported. This effect could not be examined in the
present study because, as stated in § 3, the shape of

Table 7. Observed and calculated mean square amplitudes of the spherical atoms from other work (10-3 A2 units)

The atoms are numbered according to the scheme shown in Fig.1.

Un U Uss
obs calc difference obs calc difference obs
Quinone in quinone (Trotter)
o 42 51 -9 97 95 2 158
C(1) 57 51 6 49 61 -12 79
C(2) 69 62 7 51 50 1 86
C(3) 59 62 -3 59 50 9 93
Hydroquinone(1)* in y-hydroquinone (Maartmann-Moe)
(o) 19 23 -4 41 40 1 63
C(1) 23 23 0 24 28 —4 26
C(2) 29 26 3 23 25 -2 24
C@3) 27 26 1 31 25 6 35
Hydroquinone(2) in y-hydroquinone (Maartmann-Moe)
O 16 20 —4 56 56 0 57
C(1) 24 20 4 24 28 —4 28
C(2) 30 27 3 23 21 2 32
C@3) 26 27 -1 22 21 1 36

* The most probable values of the librational tensor of this molecule turned out not to be positive definite.

(@)

(0)

Fig.4. Part of the difference electron density section through the molecular plane of the quinone in QR. Contour interval is
0-1 e.A-3; full lines are positive; dashed lines are negative; zero lines are omitted. (@) spherical; (b) aspherical.
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the present molecule is too simple to distinguish the
out-of-plane oxygen vibration from the rigid body li-
bration of the whole molecule.

5. Concluding remarks

In the present calculations, ordinary spherical scat-
tering factors were used for the carbon and hydrogen
atoms, and the effect of bond scattering factor
(McWeeny, 1952) and the possibility of the charge
transfer as a result of the hydrogen bond (Tsubomura,
1954) were completely neglected. In this respect, the
present treatment is still too naive to discuss the dis-
tribution of valence electrons. Also, an R value of
around 10% is sufficient to determine the atomic posi-
tions, but not enough to discuss the effect of bonding.
This will be the limit of the ordinary photographic
measurement of diffraction intensity.

One aim of this paper, however, is to show that
even at this level of accuracy the introduction of the
aspherical atomic scattering factor can improve the
results of structure analyses.

In the present study, the changes in bond distances
and angles were negligible. However, this result should
not be considered to be general. If an atom is not
centrosymmetric, the imaginary component in equa-
tion (10) will introduce the shift of the positional par-
ameter, as discussed by Dawson (1964a).

It can be seen from Table 6, that there still remains
a small but systematic discrepancy of the U;; compo-
nent of the oxygen atom. This may be due to the effect
of bonding.

In order to clarify these points, accurate counter
measurements at various temperatures are now being
planned.

Acta Cryst. (1969). B25, 1038
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The Crystal Structure of Thymine

By K.OzEek1, N.SAKABE AND J. TANAKA
Department of Chemistry, Faculty of Science, Nagoya University, Chikusa, Nagoya, Japan

(Received 23 April 1968 and in revised form 20 June 1968)

The crystals of thymine anhydrate are monoclinic with the space group P2;/c. The unit-cell dimensions
have been reported as follows: a=12-87, 5=683, c=670 A, f=105° and Z=4. The structure was
determined and refined by the three-dimensional least-squares method. The final R index for 724
observed reflections is 0-149 and the standard deviations in the positional parameters are about;0-011 A.
Pairs of molecules related by the twofold screw axis are connected by the two N-H - - -:O=C hydrogen
bonds and they form infinite chains along the b axis.

Introduction

Thymine is an essential component of deoxyribonu-
cleic acid (DNA) molecule, and its structure is of par-

ticular importance in understanding the mechanism of
the biological functions of DNA. The crystal of thy-
mine monohydrate has been analysed by Gerdil (1961),
but only the crystal data of thymine anhydrate are re-



